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1. INTRODUCTION
Let K and L be convex bodies in E n. The Brunn]Minkowski inequality
states that
1rn 1rn 1rnV 1 y t K q tL G 1 y t V K q tV L ,Ž . Ž . Ž . Ž .Ž .
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Ž .where V K denotes the volume of K, q stands for Minkowski or vector
Ž .addition, and 0 F t F 1. Section 2 explains other terms and notation. The
inequality is a cornerstone of the extensive Brunn]Minkowski theory,
w xexpounded in Schneider’s book 15 . Section 6.1 of this book provides
proofs and many historical remarks. Its power in geometry is illustrated by
wthe fact that the isoperimetric inequality is a very special case; see 6, pp.
x Ž368]372 . The Brunn]Minkowski inequality holds when K, L, and 1 y
.t K q tL are nonempty bounded measurable sets and bears on analysis via
several extensions that may be formulated as inequalities between inte-
w xgrals of measurable functions, as is explained in 2 . Various applications
have surfaced in other areas of mathematics, for example, to probability
and multivariate statistics, shapes of crystals, geometric tomography, ellip-
wtic partial differential equations, and combinatorics; see 1, 3, 6, 12, 15,
xSection 6.1, 16 .
Using the homogeneity property of volume, the Brunn]Minkowski in-
equality can be written in the simpler but equivalent form
1rnV K q L y 2 G 0, 1Ž . Ž .
n Ž . Ž .where K and L are convex bodies in E with V K s V L s 1. It is
Ž .known to be equivalent to Minkowski’s first inequality
V K , L y 1 G 0, 2Ž . Ž .1
n Ž . Ž . wwhere K and L are convex bodies in E with V K s V L s 1; see 6,
x Ž .Theorem B.2.1, 15, Section 6.2 . Here V K, L denotes the mixed volume1
Ž .of K and L in which K appears n y 1 times and L once. Minkowski’s
first inequality plays a role in the solution of Shephard’s problem on
wprojections of centrally symmetric convex bodies; see 6, Chap. 4, 14, p.
x255 .
n Ž . Ž .Let M and N be star bodies in E with V M s V N s 1. The dual
w Ž . xBrunn]Minkowski inequality 6, B.28 , p. 374, 13 states that
1rn˜2 y V M q N G 0, 3Ž . Ž .
˜where q denotes radial addition. It is equivalent to the dual Minkowski
w Ž . xinequality 6, B.24 , p. 373, 13
˜1 y V M , N G 0. 4Ž . Ž .1
Ž . Ž .These inequalities, dual to 1 and 2 , respectively, are fundamental tools
w xin a dual Brunn]Minkowski theory, initiated by Lutwak 13 and developed
by him and others. There is a dual isoperimetric inequality that is a special
Ž . Ž w x.case of 3 see 6, p. 373 . The dual Minkowski inequality plays a part in
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the solution of the Busemann]Petty problem on central sections of cen-
w xtered convex bodies given in 4, 5, 17, 18 .
The assumption concerning the volume of the bodies above is simply a
matter of convenience. General versions of these inequalities can easily be
obtained from them using the homogeneity property of volume.
w xThe authors 7, 8 recently began a study of stronger forms, sometimes
called stability versions, of such inequalities in the dual Brunn]Minkowski
Ž w x.theory, inspired by similar studies see Groemer’s survey 11 in the
Brunn]Minkowski theory that go back to Minkowski himself. A conse-
w xquence of the results in 8 is the relationship between the left-hand sides
Ž . Ž .of 3 and 4 ,
1rn 1rn˜˜ ˜2 y V M q N F 1 y V M , N F 2 n y 1 2 y V M q N ,Ž . Ž . Ž . Ž .ž /1
5Ž .
n Ž . Ž .where M and N are star bodies in E with V M s V N s 1. Of course
Ž . Ž . Ž .5 implies the known fact that 3 and 4 are equivalent, but the
Ž .quantitative link provided by 5 is much more informative. Moreover, it
w x Ž .was shown in 8 that 5 is the best possible up to constant factors.
Here we give a direct proof of the more difficult right-hand inequality in
Ž .5 . In fact, Theorem 3.2 below provides a slight improvement in which the
ny1 Ž ny1 .factor 2 is replaced by 2 r 2 y 1 . Another motivation for the new
w xproof is that, unlike the proof in 8 , it is easily modified to yield a
corresponding result in the Brunn]Minkowski theory, stated in the intro-
w x nduction in 8 , that reads as follows. Let K and L be convex bodies in E
Ž . Ž . Ž .such that V K s V L s 1. There is an « ) 0 such that if V K, L - 11
q « , then
1rn 1rnV K q L y 2 F V K , L y 1 F a n y 1 V K q L y 2 , 6Ž . Ž . Ž . Ž . Ž .Ž .1
ny1 Ž ny1 .for any a ) 2 r 2 y 1 . The left-hand inequality was established
w x Ž w x.earlier by Groemer 10, p. 121 see also 15, p. 319 ; it does not require
Ž .the extra assumption V K, L - 1 q « , which, however, is essential for1
Ž .the right-hand inequality see Theorem 4.1 and the paragraph following it .
In Theorem 3.3 below we use the same method to show that
˜ n ˜1 y V M , N F b 2 y V M q N ,Ž . Ž .Ž .1 n
where
n y 1
b s .n ny1n 2 y 1Ž .
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Again, this is the best possible up to a constant factor, as Example 3.4
demonstrates. As we prove in Theorem 4.2, this version has a more
satisfying counterpart in the Brunn]Minkowski theory, namely,
1
nV K , L y 1 F V K q L y 2 .Ž . Ž .Ž .1 n
Example 4.3 below shows the factor 1rn cannot be improved. Therefore
Ž .the previous inequality and the left-hand inequality of 6 together provide
a best possible quantitative expression of the equivalence of the
Brunn]Minkowski inequality and Minkowski’s first inequality.
2. DEFINITIONS AND PRELIMINARIES
We denote the origin, unit sphere, and closed unit ball in n-dimensional
Euclidean space E n by o, Sny1, and B, respectively.
Lebesgue k-dimensional measure l in E n, k s 1, . . . , n, can be identi-k
fied with k-dimensional Hausdorff measure in E n. Then spherical Lebesgue
measure in Sny1 can be identified with l in Sny1. In this paperny1
integration over Sny1 with respect to l will be denoted by du. Weny1
n Ž .write V s l , and call this ¤olume in E . We also write k s V B .n n
We say that a set is centered if it is centrally symmetric, with center at
the origin.
A con¤ex body is a compact convex set with nonempty interior. Let K
and L be convex bodies in E n. Minkowski’s theorem on mixed volumes
Ž w x.see 15, Theorem 5.1.6 implies that
n
nV K q L s V K , i ; L, n y i . 7Ž . Ž . Ž .Ý ž /i
is0
Ž w Ž .The following inequality holds when 0 F i - j - k F n see 15, 6.4.5 , p.
x.334 :
ky i kyj jyiV K , L G V K , L V K , L . 8Ž . Ž . Ž . Ž .j i k
Ž .Here V K, L denotes the mixed volume of K and L in which K appearsi
Ž .n y i times and L appears i times. Note that
V K , L s V K and V K , L s V L .Ž . Ž . Ž . Ž .0 n
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Ž .There is a useful formula for V K, L :1
V K q « L y V KŽ . Ž .
nV K , L s lim . 9Ž . Ž .1 ««“0
Ž .The quantities V K, L can be expressed as averages of volumes ofi
w xprojections on subspaces. The reader is referred to 15 for a comprehen-
sive account of the Brunn]Minkowski theory.
A set M is star-shaped at the origin if every line through the origin that
Ž .meets M does so in a possibly degenerate closed line segment. If M is a
set that is star-shaped at the origin, its radial function r is defined, for allM
u g Sny1 such that the line through the origin parallel to u intersects M,
by
 4r u s max c : cu g M .Ž .M
In this paper, a star body is a set that is star-shaped at the origin and
whose radial function is positive and continuous on Sny1. There are other
w xdefinitions of this term in the literature; see, for example, 9 .
n ˜If x, y g E , then the radial sum x q y of x and y is defined to be the
usual vector sum x q y if x and y are contained in a line through o, and o
otherwise. If M and N are star bodies in E n and s, t g R, then
˜ ˜sM q tN s sx q ty : x g M , y g N 4
and
r s sr q tr .˜sMqt N M N
˜w x Ž .In 13 , Lutwak defined the dual mixed ¤olume V M , . . . , M of star1 n
bodies M , . . . , M in E n by1 n
1
V˜ M , . . . , M s r u r u ??? r u du.Ž . Ž . Ž . Ž .H1 n M M M1 2 nny1n S
He observed that
n
n ˜˜V M q N s V M , i; N , n y i . 10Ž . Ž . Ž .Ý ž /i
is0
w xSee, for example, 6, Theorem A.6.1 .
We can also consistently define for star bodies M and N in E n and
i g R,
1 ny i i˜ ˜V M , N s V M , n y i ; N , i s r u r u du.Ž . Ž . Ž . Ž .Hi M N
ny1n S
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Note that
˜ ˜V M , N s V M and V M , N s V N .Ž . Ž . Ž . Ž .0 n
˜Ž .The quantities V M, N can be expressed as averages of volumes ofi
w x Ž w Ž . x.sections by subspaces. Lutwak 13 see also 6, B.22 , p. 373 proved that
when i, j, and k are real numbers satisfying i F j F k,
ky i kyj jyi˜ ˜ ˜V M , N F V M , N V M , N , 11Ž . Ž . Ž . Ž .j i k
with equality if and only if M is a dilatate of N.
3. THE DUAL BRUNN]MINKOWSKI AND DUAL
MINKOWSKI INEQUALITIES
LEMMA 3.1. If n G 2 and 0 F x F 1, then
n y 1 nny1 n n1 y x F 2 y 1 q x q x y 1 .Ž .Ž .ny1n 2 y 1Ž .
Proof. Let
n y 1 nn n ny1f x s 2 y 1 q x q x y 1 q x y 1.Ž . Ž .Ž .ny1n 2 y 1Ž .
Ž . Ž . Ž .Note that f 0 s n y 2 rn G 0 and f 1 s 0. Also,
n y 1 ny1 ny1 ny1 ny2f 9 x s y 1 q x y x y 2 y 1 x .Ž . Ž . Ž .Ž .ny12 y 1Ž .
But
ny2
ny1 n y 1ny1 ny2 iynq2 ny1 ny21 q x y x s x x G 2 y 1 x ,Ž . Ž .Ý ž /i
is0
iynq2 Ž . Ž .since x G 1 when 0 F x F 1. So f 9 x F 0 and f x G 0 for 0 F x F
1.
n Ž .THEOREM 3.2. Let M and N be star bodies in E such that V M s
Ž . ny1 Ž ny1 .V N s 1 and let a s 2 r 2 y 1 . Thenn
1rn˜ ˜1 y V M , N F a n y 1 2 y V M q N .Ž . Ž . Ž .ž /1 n
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Ž .Proof. Taking i s 1 and k s n in 11 , we see that
Ž . Ž .nyj r ny1˜ ˜V M , N F V M , N ,Ž . Ž .j 1
Ž .for 1 F j F n. Using this and 10 , we obtain
n
n ˜˜V M q N s V M , NŽ . Ž .Ý ny iž /i
is0
ny1
Ž .n ir ny1˜F 1 q V M , NŽ .Ý 1ž /i
is0
nŽ . Ž .1r ny1 nr ny1˜ ˜s 1 q 1 q V M , N y V M , N .Ž . Ž .ž /1 1
˜ 1rŽny1.Ž .With x s V M, N , we have to show that1
1rnnny1 n1 y x F a n y 1 2 y 1 q 1 q x y x ,Ž . Ž .Ž .ž /n
for 0 F x F 1. Let
nn n2 y 1 q x q x y 1Ž .
g x s ,Ž . n2
Ž .and note that 0 F g x F 1 when 0 F x F 1. Then
1rnn na n y 1 2 y 1 q 1 q x y xŽ . Ž .Ž .ž /n
1rns 2a n y 1 1 y 1 y g xŽ . Ž .Ž .Ž .n
1
G 2a n y 1 g xŽ . Ž .n n
n y 1 nn ns 2 y 1 q x q x y 1Ž .Ž .ny1n 2 y 1Ž .
G 1 y x ny1 ,
by Lemma 3.1.
n Ž .THEOREM 3.3. Let M and N be star bodies in E such that V M s
Ž .V N s 1 and let
n y 1
b s .n ny1n 2 y 1Ž .
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Then
˜ n ˜1 y V M , N F b 2 y V M q N .Ž . Ž .Ž .1 n
Proof. Following the first part of the proof of Theorem 3.2, and again
˜ 1rŽny1.Ž .letting x s V M, N , we are led to precisely the inequality of1
Lemma 3.1.
wEXAMPLE 3.4. The following example is a special case of 8, Example
x y1r n Ž .5.2 . Let M s k B be the centered ball with V M s 1, and let N be an
Ž .closed half-ball with center at the origin and unit volume. Then r u sN
Ž .1r n ny12rk when u is in a closed half of S , and zero otherwise. Noten
that N is not a star body because r is not continuous, but we canN
approximate N arbitrarily closely by star bodies.
By direct computation we obtain
˜ Ž1yn.r n1 y V M , N s 1 y 2 s f nŽ . Ž .1
and
1rnn1r n1 q 2 q 1Ž .1rn˜2 y V M q N s 2 y s g n ,Ž . Ž .ž /2
w x Ž . ŽŽ . Ž ..say. It was noted in 8, Example 5.2 that f n r n y 1 g n decreases to
Ž .1r 2 ln 2 as n “ ‘, showing that Theorem 3.2 is the best possible up to
Ž .the constant factor 1r 2 ln 2 .
Let
n1r n1 q 2 q 1Ž .
n n˜2 y V M q N s 2 y s g n ,Ž . Ž .ž /2
'Ž . Ž Ž .. Ž .say. It can be shown that f n r b g n decreases to 1r 4 y 2 2 asn
n “ ‘, so Theorem 3.3 is also best possible up to this constant factor.
4. THE BRUNN]MINKOWSKI INEQUALITY AND
MINKOWSKI’S FIRST INEQUALITY
n Ž .THEOREM 4.1. Let K and L be con¤ex bodies in E such that V K s
Ž . ny1 Ž ny1 .V L s 1, and let a ) a s 2 r 2 y 1 . There is an « ) 0 such thatn
Ž .if V K, L - 1 q « , then1
1rnV K , L y 1 F a n y 1 V K q L y 2 . 12Ž . Ž . Ž . Ž .Ž .1
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Ž .Proof. Taking i s 1 and k s n in 8 , we see that
Ž . Ž .nyj r ny1V K , L G V K , L ,Ž . Ž .j 1
Ž .for 1 F j F n. Using this and 7 , we obtain
n
nV K q L s V K , LŽ . Ž .Ý ny iž /i
is0
ny1
Ž .n ir ny1G 1 q V K , LŽ .Ý 1ž /i
is0
nŽ . Ž .1r ny1 nr ny1s 1 q 1 q V K , L y V K , L .Ž . Ž .ž /1 1
Ž .1rŽny1.With x s V K, L , we have to show that there is an « ) 0 such1
that
1rnnny1 nx y 1 F a n y 1 1 q 1 q x y x y 2 , 13Ž . Ž . Ž .Ž .ž /
for 1 F x - 1 q « .
Now
1rnn n n1 q x y 2 q 1 y xŽ .1rnn n1 q 1 q x y x s 2 1 qŽ .Ž . nž /2
and
ny1
n ny1yin n i i1 q x y 2 q 1 y x s x y 1 1 q x 2 y xŽ . Ž . Ž .Ž .Ý
is0
s x y 1 A x ,Ž . Ž .
Ž . Ž ny1 .say, where A x “ n 2 y 1 as x “ 1. Therefore the right-hand side
Ž . Ž . Ž .of 13 equals x y 1 B x , where
a n y 1 2 ny1 y 1Ž . Ž .
B x “Ž . ny12
Ž .as x “ 1. The left-hand side of 13 is
ny2
ny1 ix y 1 s x y 1 x s x y 1 C x ,Ž . Ž . Ž .Ý
is0
Ž . ny1 Ž ny1 .where C x “ n y 1 as x “ 1. It follows that if a ) 2 r 2 y 1 ,
Ž .13 holds for x sufficiently close to 1.
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Ž .When n s 2, 12 becomes
1r2V K , L y 1 F a V K q L y 2 .Ž . Ž .Ž .1
Ž . Ž . Ž .In this case 7 implies that V K q L s 2 q 2V K, L , so the inequality1
Ž .cannot hold when V K, L is large, no matter how large the constant a is.1
The following modification does not require the extra assumption needed
in Theorem 4.1.
n Ž .THEOREM 4.2. Let K and L be con¤ex bodies in E such that V K s
Ž .V L s 1. Then
1
nV K , L y 1 F V K q L y 2 .Ž . Ž .Ž .1 n
Proof. Following the first part of the proof of Theorem 4.1, and again
Ž .1rŽny1.letting x s V K, L , we see that it suffices to show that1
1 nny1 n nx y 1 F 1 q 1 q x y x y 2 ,Ž .Ž .
n
for x G 1. Let
n n n ny1h x s 1 q 1 q x y x y 2 y n x y 1 .Ž . Ž . Ž .
Ž .Then h 1 s 0 and
ny1 ny1 ny2h9 x s n 1 q x y x y n y 1 x G 0,Ž . Ž . Ž .Ž .
Ž .so h x G 0 when x G 1, as required.
Ž . nEXAMPLE 4.3. Let K and L be right spherical cylinders in E of radii
r and s, respectively, and of volume 1. The heights of K and L are
Ž ny1 . Ž ny1 .1r r k and 1r s k , respectively. Since K q L is a cylinder ofny1 ny1
radius r q s and height equal to the sum of the heights of K and L,
r ny1 q sny1ny1V K q L s r q s .Ž . Ž . ny1 ny1ž /r s
Ž .If « ) 0, a similar calculation gives V K q « L as a function of r, s, and
Ž .n. Then, using 9 , we find that
r n q n y 1 sn y nrsny1Ž .
V K , L y 1 s .Ž .1 ny1nrs
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Therefore
n V K , L y 1 r 2 ny2 q n y 1 r ny2sn y nr ny1sny1Ž . Ž .Ž .1 sn ny1 ny1 ny1 n ny1 ny1V K q L y 2Ž . r q s r q s y 2 r sŽ . Ž .
t 2 ny2 q n y 1 t ny2 y nt ny1Ž .
s ,ny1 ny1 n ny1t q 1 t q 1 y 2 tŽ . Ž .
where t s rrs. But this expression approaches 1 as t “ ‘ for fixed n, so
the factor 1rn on the right-hand side of the inequality in Theorem 4.2
cannot be improved.
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